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Abstract. We study two two-dimensional Ising models with a non-Hamiltonian
spin dynamics. The models consist of two sublattices at different temperatures. The
steady state properties are investigated by means of Monte Carlo simulations on
the Delft Ising System Processor. We find that the phase transition between the
disordered and ordered phases persists when a temperature difference between the
sublattices is introduced. The critical properties of these non-equilibrium systems fit
well within the Ising universality class.

Considerable knowledge exists about the critical properties of statistical mechanical
models in equilibrium. One of the most important developments over the last two
decades is our understanding that such properties fall into universality classes, to which
widely distinet systems belong [1]. In comparison, much less is known about phase
transitions in non-equilibrium systems. In particular, there is no reason to expect that
the critical properties of a system are unchanged, if indeed such a transition survives
the introduction of non-Hamiltonian dynamics.

Recently, Kanter and Fisher [2] gave specific examples of ferromagnetic systems,
with Glauber [3] dynamics, in which a phase transition is absent. Prior to that,
Grinstein et ol {4] found that, under certain conditions, the transition survives and
argued that critical properties should fall into the Ising class. On another front, there
are studies [5-8] of the lattice-gas representation of the Ising model with Kawasaki
[9] dynamics, in which a homogeneous electric field is applied to establish a steady
state with a non-zero current. If the (nearest-neighbour) interparticle interaction is
attractive, the (second-order) phase transition persists for all non-vanishing fields 5],
but the critical behaviour has been concluded to lie outside the Ising universality
class [6,7]. On the other hand, if the interaction is repulsive, the system does display
Ising-like properties whenever the transition remains second order [8].

Other studies [10,11] of this model involve a dynamics which conserves energy
rather than particle number. The non-equilibrium steady state is set up by a temper-
ature difference between the opposing boundaries of the sample. As in the previous
examples, there is a non-zero global current, associated with internal energy. Most of
the accurate data are gathered for systems far away from criticality. Little is known
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about the critical properties, since both simulations and measurements are difficult to
perform.

In this paper, we report our studies on the same model with a non-Hamiltonian
dynamics which is free from the constraints of a conservation law. Using Glauber
[3] dynamics and the spin representation, we couple spins on two sublattices (i =
1,2) of the square Ising system to thermal baths at different temperatures 7;. In
comparison with the examples given above, the resulting non-equilibrium steady state
has a different character. On a microscopic scale, there are no explicitly conserved
quantities. There is a steady energy flow from one sublattice to the other. This flow
does not correspond with a global current, i.e. on a macroscopic scale it has no vector
but a scalar character. Also the average current associated with particle number
(i.e. number of + spins) is zero. Thus the spatial inversion symmetry of the Ising
model is not broken. Although the energy of our models is adequately described by
a Hamiltonian, the transition probabilities are not consistent with a single reduced
Hamiltonian; i.e. the dynamics can be characterised as non-Hamiltonian. Our data
indicate that, provided one of the 77s (say, T}) is set below a certain value T, there
is a second-order phase transition at some value of T,. Further, the critical properties
fall into the Ising universality class.

Noteworthy are two other studies on the Ising model with two temperatures. One
[12] employed the same model as ours with competing dynamics at each site, i.e. each
spin is coupled to both baths, but with probability p and 1 — p. For temperature
differences of 2%, no observable deviations {from equilibrium properties are seen. On
the other hand, when this difference is ten times larger, no quantitative comparisons
with the equilibrium case were given. The other study concerns the effects of a com-
bination of Glauber and Kawasaki dynamics [13,14]). These models have transitions,
and, for small probability of the Kawasaki dynamics, no significant deviations from
Ising-like behaviour were observed. For large probability of the Kawasaki dynamics,
the transition was found to turn first order.

The remainder of this paper is devoted to a brief description of our model and the
results. We considered two types of sublattices on the square lattice: ‘checkerboard’
and ‘zebra’. (In the latter, every other column belongs to the same sublattice.) For
simplicity, we studied a system with nearest-neighbour ferromagnetic interactions only.
To specify a dynamics in a Monte Carlo simulation, we must define a procedure for
choosing spins for updating and the transition probabilities for the chosen spin. For
the latter, we adopt the transition rates according to Yang [15], i.e. a spin s on a site
of sublattice i is assigned a value s{= 1) with probability

P(s) = exp(JsS/kT;)/2cosh(J S/kT;) (1)

where S is the sum of the spin values of the four nearest neighbours. Note that P
is not explicitly dependent on the previous value of that spin. For the former, we
adopt a random site selection procedure. We should emphasise that the behaviour of
the model will depend on this selection procedure. For instance, if the sublattice at
the higher temperature is visited more frequently than the other sublattice, then the
nearest-neighbour correlation function will be smaller than in our case.

With these rules, the system is found to reach a steady state. We expect the
stationary properties of the model to be functions of the parameters J/kT; only. We
first discuss some special cases.

(i) T, = T,. This is Onsager’s model.
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(ii) T} = co. Even when T, is zero, the spins on sublattice 1 will be uncorrelated,
and therefore correlations between spins on sublattice 2 will be severely limited. In
particular, for the checkerboard model, they vanish for separations exceeding two
lattice units. Similarly, spins on sublattice 2 of the zebra model are correlated only to
those in the same or next columns.

(iti) T; = 0. In the checkerboard case, sites within a sublattice are not coupled to
each other. Thus, we expect a disordered phase for large T,,. The spins on sublattice 1
will be only weakly correlated, counteracting the possibility of long-range order. The
zebra case is less obvious, since all spins have two neighbours belonging to the same
sublattice. Still, random fields due to the neighbouring spins at a sufficiently high
temperature T, are sufficient to prevent a divergence of the correlation lengths in the
chains of sublattice 1. Therefore we expect also in this case a disordered phase for
sufficiently large T,.

If we alter our model to include anisotropy, i.e. the vertical bonds being stronger
than the horizontal ones, then each column in sublattice 1 will have a much stronger
tendency to order independently so that we may expect global ordering for much larger
values of T, in comparison with the isotropic case.

For cases other than these special ones, we have investigated these models by
means of Monte Carlo simulations on the DISP (Delft Ising System Processor), a
special-purpose computer for the simulation of Ising models [16,17]. Its spin updating
algorithm is able to select sites randomly. The presence of two temperatures did not
pose special problems because only transition probabilities need to be stored in the
processor’s look-up table. While the DISP was originally designed for translationally
invariant (over one lattice unit) models, the presence of two zebra sublattices could
simply be accounted for by including one extra address bit, namely the least significant
bit of the X coordinate of the spin, into the look-up-table address. In the checkerboard
case, we took the modulo 2 sum of the least significant bits of the X and ¥ coordinates
instead.

The simulations were performed at three different temperature ratios o = T, /T3,
namely 1, 2 and co. We include the equilibrium case (o = 1, Onsager’s model) for
purposes of comparison with the non-equilibrium results. The cases @ = oo were
simulated by choosing J/kT| = 12 which excludes, after truncation of the transition
probabilities to the machine precision, spin flips costing energy. We used square
systems of N = L x L spins, with L = 8,16, 32 and 64, with periodic boundaries. We
present the data for the checkerboard systems with o = 1, 2 and oo in some detail
here. This is thought to be sufficient for a qualitative picture of our models. The data
for the zebra systems are sufficiently similar and we will only limit ourselves to some
numerical data and comments at the end.

Figures 1(a), (b) and (c) show the quantity C; defined via the energy fluctuations
of a system with size L as

Cp = (INETY(EL) ~ (BL)?) (2)

as a function of 7, with a = 1, 2 and oo respectively. In (2), E| is the energy, i.e. —J
times the sum over the nearest-neighbour spin products. The data points represent
runs up to 4 x 108 sweeps. The energy (as well as other data) was recorded at intervals
of twenty sweeps.

For an equilibrium system, (2) is also the dimensionless specific heat, ¢ = dU/dT,
where U = (F;). For non-equilibrium systems, the fluctuation dissipation theorem
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does not apply so that, in general, the two are not identical. A dramatic example was
reported in the driven diffusive system with attractive interactions, where ¢ diverges
at the transition while C remains finite [7]. By a numerical differentiation of the
energy against temperature T, (for fixed ratio @ = 1 and 2), we obtain a ’specific
heat’ ¢ = d(E)/dT,. Unfortunately, the results for ¢ are less accurate than those for
C. Nonlinearity of (£} near the critical point imposes narrow temperature intervals
for the numerical differentiation, leading to larger statistical errors. However, it is
still clear from the data that the quantities ¢ and C behave very similarly; there
appears to be an approximate linear relation. In particular we find again evidence
for a logarithmic finite-size divergence of the maximum. For these reasons, we are
encouraged to analyse our models using methods developed for equilibrium systems.

Exact results for equilibrium Ising models show that the maximum in the specific
heat scales as the logarithm of the system size L: ¢ &~ A+ Blog L. This corresponds to
a temperature exponent y, = 1, which is generally believed to be a universal property
of a large set of two-dimensional Ising models. This behaviour is clearly exhibited in
figure 1(a): the differences between subsequent maxima are approximately constant,
while subsequent values of L differ by a constant factor 2. Remarkably, the non-
equilibrium checkerboard systems display a very similar behaviour as shown in figures
1(b) and (c). These data are strongly suggestive of a phase transition, with the
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quantity C logarithmically diverging as a function of the system size. Note that the
phase transition for o = oo (figure 1(¢)) indeed occurs at a finite value of T5,.

During the simulations, the total magnetisation M was sampled also. Its fluctua-
tions enable the calculation of the gquantity

Xy = ((ME) - <ML>2)/N' (3)

For an equilibrium system, (3) is also the magnetic susceptibility, x. The asymptotic
finite-size dependence at the Ising critical point is

Xp = L¥? (4)

for asymptotically large L, with another universal exponent y, = 1;.‘5- . Thus, at a
critical point, we expect

Ry = Xpp /Xy = 2%9~2, (5)

Again, we emphasise that X; need not be related to x for non-equilibrium systems.
However, we have numerically differentiated M; with respect to the magnetic field,
and observed that the resulting susceptibility x; was approximately proportional to
X, although the statistical errors were larger.
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Data for R; against temperature are shown in figures 2(a), (4) and (c), for a = 1,
2 and oo respectively. The intersections of subsequent R;(7T') curves yield estimates
of the critical point and of y,. For each ratio @ we observe good agreement with the
Ising exponent which corresponds with R = 27/4 ~ 3.364. Again, the non-equilibrium
results fail to show any deviations from Ising universality.

A third universal quantity [18] of critical Ising models is the large L limit of

Qr = (ME)*/(M7) (6)

which takes, according to Bruce [19], and Burkhardt and Derrida [20] the value Q. =
0.856 for square systems with periodic boundaries. Intersections of the @, against
temperature curves may thus serve as estimates of the critical points of the equilibrium
models. Numerical results for @ are shown in figures 3(a), (8) and (c). These data
show that the Q; curves intersect at one point, giving credibility to the presence and
location of the critical points for the non-equilibrium models. More strikingly, the @
values at the intersections for the a # 1 models are consistent with that for Onsager’s
system.
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The results obtained for the zebra systems show a qualitatively similar behaviour.
No obvious deviations from Ising universality are seen. For a closer examination, the
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data for the checkerboard and zebra systems are also subjected to various fitting pro-
cedures. In particular we try to determine y,, y,, and . more precisely. Expanding
the finite-size scaling functions in T — T, where T stands for one of the T}, we expect
the following behaviour near a critical point:

Qr=Q.+pL™Y +a(T-T)LY + ay(T = T.)* L% + ... (7)
Cp = Cy +log(L)L¥ " 2[cy + ¢ (T = T)L¥* + ¢o(T ~ T.)? L' + ..] (8)
Xy =Xo+ LW =2[by + b (T = T)LY* + by(T ~ T.)2 L% 4 ] (9)

where Q., p, Cy, X,, the a;, b; and the ¢; are (in principle) unknown parameters. The
logarithmic factor was inserted in (8) in order to avoid numerical problems associated
with the divergence of the amplitude when y, approaches 1. The terms shown here
were actually used during the least-squares fitting procedures: they were found to be
the minimal sets leading to satisfactory residuals. For the irrelevant exponent y, in
(7) we have chosen the ‘analytic’ value —2. Since simultaneous determination of all
unknowns leads to some loss of accuracy, we have used the following procedure. Since
it is already known that y, &~ 1 from the foregoing, we have fixed y, = 1 in the formula
for @ and solved for the remaining unknowns, including @. and T, (see table 1). The
results depend only weakly on this choice of y,. Next, the results for T, were fixed in
the expression for C;. The results for y, from subsequent fits (also shown in table 1)
confirm the choice made above for y,. Finally, we have inserted these 7., and y, results
in the formula for X; and solved for y, (see table 1). We observe that the results for y,
and y, lie close to universal Ising values. We conclude that there is strong numerical
evidence that our non-equilibrium systems belong to the universality class of the two-
dimensional Ising model. The fact that the Q. results are also close to the known
value for square, periodic Ising systems provides an additional consistency check for
the checkerboard systems. Note that the situation for the zebra systems is somewhat
different because the zebra pattern has a lower symmetry than the underlying square
lattice.

Table 1. Numerical results for the critical point, y:, yn, and Q, for three values of
the temperature ratio ov. Data are given for the ‘checkerboard’ (c) as well as for the
‘zebra’ (z) model, see first column. Estimated uncertainties in the last decimal places
are given in parentheses. These data agree well with known results for the equilibrium
Ising model, namely the exact values y; = 1 and y, = %“’, and Q. = 0.856 as found
in {19, 20] for square systems. The critical point obtained for the case o = 1 lies close
to the exact value log(1 + v/2)/2 = 0.440 69.. ..

Model  « (J/kTy)c vt Yk Qc

oz 1.0 0.4408(3) 0.997(12) 1.874(3) 0.857(3)
¢ 2.0 0.3362(4) 0.990(10) 1.876(4) 0.853(4)
< oo 0.2954(2) 0.989(12) 1.875(3) 0.859(2)
z 2.0 0.3303(4) 0.992(10) 1.876(4) 0.861(4)
z ™ 0.2714(3) 0.995(12) 1.872(3) 0.860(3)

During the simulations, we made the additional observation that the spontaneous
magnetisation of both sublattices as a function of temperature behaves quite similarly,
but the amplitudes near the critical point are obviously different when a # 1.

To obtain a qualitative understanding of the phase diagram, we apply the 'mean-
field” approach. Thus we replace each interaction of a spin with a neighbour by a
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contribution to the effective magnetic field (H), proportional to the applicable sub-
lattice magnetisation. Then one can use equilibrium methods on each individual spin,
leading to independent sublattice magnetisations m; = tanh(H/kT;). Following the
spirit of equilibrium mean-field theory, we find the self-consistent equations

m; = tanh(4Jmy_;/kT;) i=1,2 (10)

for the checkerboard model. These equations yield the critical line in the T} — T,
plane, (T} T, = [4J/k]?) as shown in figure 4 (bold curve).

JIKT,

Figure 4. Phase diagram of the checkerboard (full curves) and zebra (broken line
and curve) models. The bold lines represent the mean-field predictions for the crit-
ical lines of these models (see text). Also shown are smooth curves (fine curves)
interpolating between our Monte Carlo results at T1/T; = 1,2 and co which apply,
by symmetry, also to T /T, = % and 0. Disordered phases occur near the origin, and
ordered phases on the other side of the critical lines.

In the zebra case, the self-consistent equations are
m,; = tanh[2J(m; + m,)/kT}] i=1,2 (11)

yielding J/kT, + J/kT, = } for the critical line. This result is also shown in figure
4 (broken line), together with smooth curves connecting the numerical results for the
checkerboard and the zebra models. Not surprisingly, the figure is symmetric in 7} and
T,. There is some qualitative agreement between the mean-field and the numerical
results except at the extremes. From the data, we see that, when T} = 0, criticality
occurs at finite critical values of T,. The ’'mean-field’ prediction is, unfortunately,
infinity in the checkerboard case; in the zebra case it is even worse: the transition
is predicted to be absent. As an amusing contrast, we may use the temperature
parameters K, = J/kT, and compare this phase diagram with that of an equilibrium,
anisitropic Ising model. For the latter case, where K; = J,/kT, the exact critical line
is known: sinh 2K, sinh 2K, = 1. Our o = 2 data place a critical point surprisingly
near this line. In this connection, we remark that the mean-field prediction for the
anisotropic model (K, + K, = 1) also fares poorly at the extremes, where the effects
of fluctuations are too strong to be ignored.
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Before closing, we point out a special case of our checkerboard system, for which it
appears possible to find a mapping onto an equilibrium Ising model with an effective
Hamiltonian consisting of strictly local interactions. This case is reminiscent of the
fast rate limit of the driven diffusive lattice gas, introduced by van Beijeren and
Schulman [21]. We change the dynamics such that sublattice 2 is visited much more
frequently (infinitely more, in the limit) than sublattice 1. Now, we can express the
probability distribution of a type-2 spin in the four surrounding type-1 spins. When
the updating algorithm hits a type-1 spin, we are thus able to express the resulting
probability distribution of that spin in a 3 x 3 block of type-1 spins. This means
that the stationary set of configurations of sublattice 1 is generated by an effective
Hamiltonian with only short-range interactions. Thus, we should expect also this
special case to display the universal Ising critical properties.

In conclusion, we have performed Monte Carlo simulations on Ising models out
of equilibrium. These systems are without uniform, global currents, and have a spin
dynamics without a local conservation law. The steady state energy currents are
all local, i.e. they flow from one sublattice to the other. Our results provide strong
evidence that the models belong to the universality class of the equilibrium Ising
model. At first sight, this conclusion appears to support the results of Grinstein et
al {4]. On closer examination, however, our dynamics does not satisfy some of the
restrictions it imposed, e.g. homogeneity of the transition probabilities. It may be
possible to generalise their arguments and enlarge the Ising class. In any case, much
work will be needed before we can answer the most intriguing question, namely, is the
existence of a symmetry-breaking global current density a necessary (though perhaps
not a sufficient) condition for critical properties of non-equilibrium phase transitions
to fall outside the universality class of their equilibrium counterparts?
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